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ABSTRACT: Using a full-dimensional quantum method for nuclei and a new
first-principles water potential, we show that the torsional tunneling splitting in
a water trimer can be reproduced with accuracy up to ∼1 cm−1. We quantify the
coupling constants of the nuclear quantum states between nonadjacent wells
and show that they are the main reason for shifting the quartet-split levels in
spectra from a 1:2:1 spacing. This demonstrates the limitation of treatments
using simplified models such as the Hückel model and emphasizes the nonlocal
nature of the quantum interactions in this system. With such an ab initio
endeavor, we examine the quality of the water potential developed and provide
a rigorous scheme to decipher the experimental spectra with unprecedented
accuracy, which is applicable to more general systems.

■ INTRODUCTION
An accurate description of intra- and intermolecular forces of
water, represented as a predictive universal water potential
energy surface (PES), has long been pursued.1,2 With the
advances of ab initio methods, potentials constructed by the
many-body expansion (MBE) method have been able to
qualitatively predict many features of aqueous systems.3−6

Among the various experimental criteria in testing the quality
of this potential, spectroscopy presents the most challenging
one due to the high sensitivity of the spectrum to the quality of
the PES and technical difficulties in describing the spectra at
the quantum mechanical level.7 Taking the vibration−
rotation−tunneling (VRT) spectrum of water clusters as an
example, it provides fine information that is accurate at the
order of MHz to kHz.8−14 It has long been expected to
thoroughly explore such experimental data so that highly
accurate many-body terms of the water potential can be
constructed and a scheme toward systematically improvable
one can be achieved.1,2,7,15,16 However, except for a dimer
where a full-dimensional wave function method is applicable,17

quantum simulations of these spectra in other clusters are still
absent due to the curse of dimensionality.
A crucial step along this route resides in a rigorous theory for

calculating the tunneling splitting of a water trimer. In this
trimer, the facile flip (or torsional) motion of free hydrogen
atoms, which can result in a torsional tunneling splitting of
ground vibrational levels, is unique.14 The system transfers
between different states through a very low barrier (ca. 10
meV,18 as no hydrogen bond breaks) and thus presents large
splitting sizes up to tens of cm−1. This energy is even
comparable to the magnitude of intermolecular vibrations, i.e.,
translation and libration.19 They are thousands of times larger

than the rotational constants and bifurcation splittings20,21

(another kind of tunneling splitting proposed in a water trimer
involving breaking and reforming of hydrogen bonds) and thus
appear as bands containing rotational sublevels in spectra,
termed as torsional bands.8 Here, the traditional perturbative
treatments fail because the system would not be trapped in a
well, e.g., different wells are visited via the tunneling process,
and a strong delocalization of the nuclear wave packet exists.
Six degenerate wells (configurations with two of the free
hydrogen atoms “up” or “down” the oxygen plane) on an
internal potential surface (IPS) are connected as a ring,
prompting a pseudorotation motion on cyclic potential22 (in
Figure 1a,b). As such, the interpretation of these splitting levels
demands a nonperturbative solution to the nuclear degrees of
freedom on IPS quantum mechanically.
At the earliest, a one-dimensional (1-D) model in which six

barriers were connected to constitute a periodic potential was
constructed.22 Later, van der Avoird et al. proposed a 3-D
internal-rotation Hamiltonian to include respective flips of the
three free hydrogen atoms and the rotational coupling.23 A
higher-dimensional description of IPS can yield a more reliable
estimation of the splitting size. Therefore, a 4-D treatment was
soon employed to further include the symmetric hydrogen-
bond stretch mode.24 However, this is still far from the target
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of quantitatively rigorously examining the water potentials,25

unless a full-dimensional wave function can be solved. The
diffusion Monte Carlo (DMC) method26 may have a chance to
realize a full-dimensional calculation but suffers from the
required fixed-node approximation for high-level states.16

The lowest four eigenstates of the torsional (or internal)
Hamiltonian, with 1, 2, 2, and 1 degeneracy, corresponded to
the torsional levels. By analogizing the configurational basis
functions centering at each well to the atomic orbitals in the
molecular orbital theory, these splitting states can be treated as
linear combinations of the basis functions. If a Hückel-type
approximation was used,20 i.e., only the interactions between

adjacent wells were considered, a so-called tunneling matrix
can be constructed (Figure 1c,d). Such tunneling matrices
manifest the permutation-inversion symmetry of a nonrigid
molecular system,27 which is a key to revealing the splitting
patterns. This approximation performed well in explaining the
even spacing of levels and was extensively used in the early
DMC26 and low-dimensional wave-function methods.23,28

However, it is destined to fail in describing the deviation of
the torsional levels from a 1:2:1 spacing (Figure 1e).14 High-
order interactions between nonadjacent wells,29 labeled h2 and
h3 in this work (Figure 1a,b), must be considered since they
are crucial to shift the levels and manifest the strong
delocalization, as shown in Figure 1f,g,h.
Here, we use a path-integral molecular dynamics (PIMD)

method30,31 to realize a full-dimensional quantum simulation
for the torsional tunneling splitting in a water trimer. A newly
developed many-body water potential, which is constructed
from a large data set containing hundreds of thousands of
CCSD(T) points by a neural network low-error fitting, is
employed for descriptions of the Born−Oppenheimer PES.
High-accuracy sampling by PIMD for the density matrix
elements can rigorously integrate the information of energy
levels for a closed quantum system. The eigenstates are
assumed to present the permutation-inversion symmetry, i.e.,
isomorphic to a C6 group. The splitting levels are fitted from
the density matrix elements sampled at a range of temper-
atures. From these simulations, the interactions h1, h2, and h3
can be quantified. As a result, we reproduce the experimental
value of tunneling splittings with a numerical accuracy of ∼1
cm−1 for both (H2O)3 and (D2O)3. The high-order non-
adjacent interactions are illustrated to be crucial in this
accurate simulation of the torsional levels (Figure 1h). With
these, we examine the quality of the new water potential and
provide a rigorous scheme to decipher the experimental spectra
with unprecedented accuracy in an ab initio manner, which is
applicable to more general systems.

■ THEORY
Tunneling splitting is commonly seen in the infrared and
microwave spectra of gas-phase molecular systems. The
coupling with other degenerate wells on IPS manifests as a
splitting of vibrational levels. For the simplest symmetric
double-well model,
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the off-diagonal coupling term Δ/2 split the ground state into
E0 ± Δ/2. When the barrier between two wells is sufficiently
low, the strong coupling, also referred to as coherent tunneling
of nuclei, will contribute to a noticeable splitting.
On the basis of configuration-centered Wannier functions

{ϕ(r − ri) = |ri⟩}, an effective torsional Hamiltonian for a water
trimer obeying C6 symmetry has a form

= + +H H H H1 2 3 (2)

with

= | | ++r rH h h. c.k
i

k i i k
(3)

If only the first nearest-neighbor (NN) term Ĥ1 is considered,
as in the Hückel method, one gets a so-called tunneling matrix

Figure 1. (a) Six wells in the water trimer. h1, h2, h3 are the
interactions between 1st, 2rd, and 3rd NN, as shown in (b). The gray
and white balls represent the start and end positions of the free
hydrogen atoms, respectively. As a schematic, ϕ(r − ri) in (c) and (f)
is the Wannier function solved on a 1D model potential with different
barrier heights. When barriers are low, strong delocalization manifests
as a nonzero amplitude in other wells, as shown in (f). (d) and (g) are
the corresponding Hamiltonian matrix, and (e) and (h) show the
splitting levels. The inclusion of nonadjacent terms, h2 and h3, results
in the levels’ shifting from a 1:2:1 spacing.
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and h1:2h1:h1-spacing quartet-split levels (Figure 1e). The 2nd
and 3rd NN terms (corresponding to double- and triple-flip
matrix elements in ref 29), which are long-range couplings
between nonadjacent wells, are significant for the quantitative
interpretation of the levels’ shifting observed in spectra. The
eigenvalues, after subtracting the lowest level, are 0, −h1−3h2−
2h3, −3h1−3h2, and −4h1−2h3, with 1, 2, 2, and 1 degeneracy,
respectively (Figure 1h, the double degeneracy comes from
time-reversal symmetry). Here, we neglect the rotational-
excited sublevels and their coupling to the torsional splitting
and the bifurcation tunneling splittings because they are too
small to be overshadowed by the sampling errors.
Density matrix element ρ(r,r′;β) = ⟨r|e−βĤ |r′⟩ in the low

temperature limit is

=
= =

r r r rlim ( , ; ) ( ) ( )e
n l

d

nl nl
E

0

3

0

1

n

n

n n

n

(4)

where β is the reverse temperature 1/kBT. ψnldn
is the real

eigenfunction and En is the energy level corresponding to the
nth irreducible representation. The vibrationally excited states,
whose energies are much higher, can be neglected since the
temperature is low.
The index ln labels the degenerate eigenstates spanning the

nth level, and the corresponding degeneracy is dn = 1,2,2,1.
Analogous to the atomic orbitals in the molecular orbital

theory, Wannier functions ϕ(r − ri) are related to the
eigenfunctions by
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On this orthogonal basis, the overlap integrals Sij = ⟨ϕi|ϕj⟩ are
exactly zero, and only a resonance (or exchange) integral Hij =
⟨ϕi|Ĥ|ϕj⟩ exists in each off-diagonal term of the Hamiltonian
matrix. A sharp reduction of ϕ(r − ri) in neighbor wells can be
expected, i.e., 1 ≫ αk ≡ ϕ(ri±k − ri) /ϕ(0), for k > 0. Then, a
ratio of the density matrix elements is defined as
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where χn = ∑i=0
3 diαi cos(πni/3). I1(β) can be accurately

simulated by a combined PIMD and thermodynamic
integration (PIMD + TI) method.30 We extend the TI to
the multiple-flip region to obtain I2(β) and I3(β). Finally, an
easier-to-fit expression is taken, as
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with Δn = En − E0 (n = 1,2,3), and

=
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For more details on this method, please refer to the Supporting
Information.

■ RESULTS AND DISCUSSION
Our water potential is constructed in a many-body expansion
(MBE) method.32 The two-body term is fitted using the
fundamental invariant neural network method33 that satisfies

the permutational symmetry of identical atoms, and the root-
mean-square fitting error for the PES is very small as low as
0.228 meV. The database of the water dimer consists of about
220,000 ab initio energy points computed at the CCSD(T)
level, with the Hartree−Fock and correlation energy
extrapolated to the CBS limit.34,35 The three-body term is
fitted from 430,000 points of the water trimer at the
CCSD(T)/AVTZ level, supplemented by an additional set of
(3s,3p,2d,1f) mid-bond functions with exponents equal to (0.9,
0.3, 0.1) for s and p orbitals, (0.6, 0.2) for d, and 0.3 for f,
placed at the center of mass of each trimer configuration. For
both the dimer and the trimer, the counterpoise method36 is
applied to remove the basis set superposition error (BSSE). All
of the trimer data are fitted in two parts by the neural network
according to the second longest O−O bond length, the fitting
errors of which are 0.347 meV for short-range (O−O bond less
than 8 Å) and 0.027 meV for long-range (O−O bond large
than 4 Å), and then the two parts are connected smoothly at
6−7 Å. The flip barrier height of our potential is 10.7 meV.
This is confirmed by CCSD(T)/CBS calculation on the
transition state of the water trimer, as shown in Table 1.
The six degenerate configurations ri can be easily found by

structural optimizations. But their relative orientations, which
are keys to being decoupled from the overall rotations, are not
easy to be determined. The instanton (or kink) on a barrier,
which stands for a minimum-action tunneling path,37−39 is
commonly believed to give the most reasonable orientations.
We use a variable-time-step method (VTS)40 to reduce the
number of beads. The imaginary time steps are scaled to keep
an even distribution of beads on Euclidean distance. The
geometries of both end beads are fixed at the minimum-energy
structure, but they are allowed to orientate in the action
minimization process. A 200-bead instanton is optimized by
the l-BFGS algorithm to ensure that the max component of the
gradient is smaller than 1 × 10−5 eV/Å. Our double-flip path is
constructed by splicing two single-flip instantons (from r0 to r1
and from r1 to r2) together. The first bead of the second
instanton is set as the last bead of the first instanton, and both
its structure and orientation are fixed in the optimization
process. The triple-flip path is also spliced this way. These
paths are shown in Figure S1, and they are taken as the
integration paths of the TI simulations.
Compared with the semiclassical instanton method where

only one tunneling barrier was considered, it might happen in
the PIMD + TI simulations that other barrier regions are also
sampled. A previous work treated the barriers in water clusters
as isolated double-well systems and proposed a simple
hyperbolic tangent function for the sampled I1(β).41 From
our sampling trajectories, we note that the barrier is so low on
the cyclic potential of the water trimer that the PIMD
simulation can easily sample outside regions of one single
barrier. The linear polymer can be arbitrarily distributed
between the six wells, and the beads can even wrap a large
circle through the other five barriers to connect r0 and r1
(Figure 2a). As a result, eq 6 fits the sampled I1(β) much better

Table 1. Barrier Heights of Flip Motion in the Water Trimer
from Different Methods

method barrier height (meV)

our 2b-CCSD(T)/CBS + 3b-CCSD(T)/avtz 10.7
CCSD(T)/CBS 10.5a

aRef 18.
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than the hyperbolic tangent functions, as shown in Figure 2b.
It might also happen that an overfitting exists when six
parameters (i.e., hi and αi, i = 1,2,3) are tuned. To cope with
this problem, we simulate I2 and I3 and adopt eq 7. To improve
the accuracy, on each flip barrier, up to 64 points for (H2O)3
and 32 points for (D2O)3 are used in the TI by the Gauss−
Legendre quadrature. Each point is computed from a PIMD
trajectory with at least 1 × 107 steps to ensure sufficient
sampling. A Langevin thermostat especially developed for the
fixed-end linear polymer42 is used, with a scaling factor γ0 = 0.5
for the drag coefficients. Other settings, including the mass
scaling of beads and time step, have also been carefully
checked. For (H2O)3, at least 1 × 107 × 3 × 64 = 1.92 × 109
steps are sampled for one β point. Longer trajectories are run
for the lower temperatures to keep the standard errors of Ig
below 1%. The sampled Igs are shown in Figure 2b.
A range of temperatures are simulated to avoid the influence

of accidental sampling errors on the results and to confirm the
rationality of our expression of the density matrix elements.
The selected β cannot be too small, as required by the low-
temperature approximation of neglecting the excited-vibra-

tional states. It cannot be too large either, as the trajectories
would be hard to converge. A suitable lower bound of β is ∼2β̅,
which can be illustrated by a progressive fitting, as shown in
Table S4. Then, we set a β point every 2000 a.u. The last but
important factor affecting accuracy is the number of beads N
used in PIMD. The convergence of I1 on N is shown in Figure
2c,d. At higher β, more beads are needed to ensure
convergence. Excellent fittings of eq 7 can be obtained for
(H2O)3 and (D2O)3, as shown in Figure 3. Overall, 400 beads
for (H2O)3 and 300 beads for (H2O)3 are used. The sampled
Ln(β) points from β = 4000 to 12,000 a.u. are arranged in a
straight line. The standard error of each point is tiny, as shown
by the almost indiscernible error bars.
With these, the split levels En are fitted by eq 7 in a manner

of nonlinear least squares. The results are shown by the red
dashed lines in Figure 4. For both (H2O)3 and (D2O)3, the
torsional splitting levels coincide with experimental values. The

Figure 2. (a) Shows that apart from staying in the barrier region, the fixed-end linear polymer will also wrap a large circle through other barriers.
The lower the temperature, the more pronounced this situation is, up to ∼10% in the trajectory. (b) Shows Ig(β) points for (H2O)3 sampled by 200
beads. The fittings using eq 6 are shown by the solid curves. The gray dotted line is fitted from the first four β points by the hyperbolic tangent
function but fails to fit the other points. The convergence of I1(β) on a number of beads N for (H2O)3 is shown in (c) and (D2O)3 in (d).

Figure 3. Sampled Ln(β) points can be fitted well by eq 7. The ticks
are error bars. Overall, 400 beads are used for (H2O)3 and 300 beads
for (D2O)3.

Figure 4. Red dashed lines are the calculated torsional levels of the
water trimer, in comparison with experimental values14 (black solid
lines). The green dashed lines are from previous theoretical work of
van der Avoird et al. by a 3-D model Hamiltonian and CC-pol + 3B
potential.25 For a comprehensive picture of the torsional bands, the
inset shows part of the rotational sublevels and bifurcation splitting in
the 87.1 cm−1 band of (H2O)3, reprinted with permission from Ref
43. Copyright 2000 American Chemical Society.
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numerical errors are compressed to less than 1 cm−1. The
Hamiltonian matrix elements hk and the so-called imaginary
“tunneling time”3030β̅n are summarized in Table 2. h2, h3 and
α2, α3 are much smaller than h1 and α1, which is consistent
with our expectation. The anomalously larger nonadjacent
interactions h2 and h3 in (D2O)3 are correctly revealed.
Notably, −h2 of (D2O)3 has a negative value, which cannot be
a tunneling strength or be corresponded to a tunneling
frequency. Besides, the larger α2 may be related to the larger
absolute value |h2| of (D2O)3 and means a stronger nonlocality
in (D2O)3. This is also contrary to intuition from conventional
tunneling concepts where the lighter H should exhibit stronger
tunneling. So we think it is more appropriate to call the NN
terms couplings. The reproduction of the spectroscopic values
is attributed to a combined effort of this full-dimensional
theory and the water potential energy surface. Previous works
by a low-dimensional model gave a smaller splitting size,
suffering from an oversimplification of the cooperative motion
of nuclei, which would lead to an overestimated barrier height
by up to 10%.25 Their result from a 3-D model Hamiltonian
and the cc-pol + 3B water potential is shown by the green
dashed lines in Figure 4. Our result indicates that in a
quantitative simulation, the cooperative motions of the oxygen
and bonded hydrogen are also important. Our method shall
apply without hindrance to the similar flip tunneling splitting
in a water pentamer where the cooperative motions of oxygen
are more pronounced.

■ CONCLUSIONS
We provide a recipe for full-dimensional quantum simulations
of the torsional tunneling splitting in a water trimer. Our ab
initio simulations show that the splitting sizes are comparable
to experiments with accuracy up to ∼1 cm−1. We numerically
demonstrate the limitation of the Hückel model and show that
the high-order NN terms between nonadjacent wells of the
configurational space are important for the interpretation of
the splitting energy levels’ shifting. This effect might be present
in multifold tunneling splittings in other water clusters and
molecular systems as well. With this endeavor, we examined
the quality of our new water potential and provided a rigorous
scheme for deciphering the experimental spectra with
unprecedented high accuracy, which is applicable to more
general systems. This methodology presents a new route
toward designing systematically improvable water potentials,
with highly accurate VRT experimental spectra being able to
be used as calibrators.
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Table 2. Calculated Hamiltonian Matrix Elementsa

h1 h2 h3 (cm−1) α1 α2 α3 1 2 3 (103 a.u.)

(H2O)3 −21.8(1) 0.2(1) −0.4(2) −0.19 0.02 −0.01 2.04(4) 1.96(4) 1.96(2)
(D2O)3 −9.9(1) 0.6(1) −0.2(1) −0.15 0.03 −0.01 3.15(6) 3.29(5) 3.41(3)

aNumbers in parentheses are numerical errors of the last digit.
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